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Abstract 
This paper introduces and analyzes certain classes of 
mappings on R~ which represent nonlinear generalizations 
of the P- and S-matrices of Fiedler and Ptiil<, and of several 
closely related types of matrices. As in the case of the 
corresponding natrices, these nonlinear P- and S-functions 
arise frequently in applications. 
Basic properties of the different functions and of 
their inverses and subfunctions are established, and then 
a number of theorems are proved about the interrelationships 
between the various mappings. In particular, it is shown 
that the well-known monotone mappings, as .idell as the ?I- 
functions and certain of the strictly diagonally dominant 
mappings recently analyzed by Rheinboldt and lfor6, respec- 
tively, are special cases of the P-functions. In turn, 
these P-functions and also the inverse isotone mappings are 
subclasses of the S-functions. In a final section, a seri.es 
of characterization theorems for the different functions are 
presented in terms of conditions on their derivatives. 
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I .  I n t r o d u c t i o n  
Consider  t h e  problem of s o l v i n g  an  n-dimensional e q u a t i o n  Fx = z ,  
where F:D 9: R* -+ R~ i s  a l i n e a r  o r  n o n l i n e a r  mapping of t h e  type  a r i s i n g ,  
f o r  i n s t a n c e ,  a s  a d i s c r e t e  ana log  of some e l l i p t i c  boundary v a l u e  problem 
o r  a s  an e q u i l i b r i u m  f low on a network,  I n  t h e  s p e c i a l  c a s e  when t h e  
u n d e r l y i n g  problem i s  l i n e a r ,  t h e  r e s u l t i n g  l i n e a r  nzappir~g u s u a l l y  h a s  a 
v e r y  s p e c i a l  form, and- -a t  l e a s t  i n  t h e  mentioned two problem areas-- the  
f o l l o w i n g  c l a s s e s  of m a t r i c e s  appear  t o  occur r a t h e r  t r e q u e n t l y :  
( a )  P o s i t i v e  d e f i n i t e  and symmetric m a t r i c e s ;  (b)  s t r i c t l y  o r  i r r e d u c i b l y  
d i a g o n a l l y  dominant m a t r i c e s ;  ((I) PI-,  o r  S t i e l t j e s - m a t r i c e s ;  (d)  P- on: 
S -mat r i ces ,  For d e f i n i t i ~ n s  s e e ,  e , g , ,  Varga [I9621 and P i e d l e r  and 
Pt& 119623, [1966] .  
In t h e  n o n l i n e a r  c a s e  t h e  mapping F o f t e n  r e t a i n s  c e r t a i n  p r o p e r t i e s  
of t h e s e  m a t r i c e s  i n  some form,  and this s u g g e s t s  the poss l l ? i l i ty r  of i n t r o -  
d u c i n g  s p e c i f i c  c l a s s e s  (7-1- mappirigs on R~ w!lich rcpsrsent suitable 
norllirrear g e n e r a l i z a t i o n s  of t h e  c i t e d  t y p e s  of  n~aer i ces ,  h n a t u r a l  
n o n l i n e a r  e x t e n s i o n  of pos i t ive - -def i t a j  t e n e s s  1s evidei l tLy the L-orscept ot 
1 ) 'rh i s work was i r z  p a r t  s u p p o r t e ~ b  by the 1,a.i-roria l :,c. r erLt.,L P o u i ~ t l j ~ j o n  
under G r a l r t  63--231 and i-he XilaticrrraJ hicroridtr Lit, diiJ bpLice iidmini st i-ail  oai 
rsr~ler G r s n t  NCI -21 002 -008 
2) Depact~i~ecrt t ~ > f  Con~p<~l .e r  S ~ I C ~ I ) L C ~  ~ ( , I U C ~ !  1 1 ~ 1 1  > L  % , I t 1 1  s t  t )  i 1  a ~48>0* 
3) Cornpl~ter  S r k e r i c c  C e r l l r r ,  U i i l v e i s l t j  oi '~.,,d."riir,  rill,,,^ i d i l \ ,  LC!* c ~ / ~ v ~ ~  
a monotone mapping in t roduced-- in  a  more g e n e r a l  se t t ing- -by  Kacurovsk i i  
[I9601 , Minty [I9621 , and Browder [1963].  Symmetry c a r r i e s  over  t o  t h e  
assumption t h a t  F i s  a p o t e n t i a l  o p e r a t o r ,  which i n  t u r n  l e a d s  t o  convex 
g r a d i e n t  mappings a s  t h e  n o n l i n e a r  e x t e n s i o n  of symmetric,  p o s i t i v e  (semi) 
d e f i n i t e  m a t r i c e s .  Following an unpubl ished s u g g e s t i o n  of Or tega ,  Rhein- 
bol-dt [I9691 cons idered  a  n o n l i n e a r  g e n e r a l i z a t i o n  of Y-matrices,  t h e  so- 
c a l l e d  11-functions,  w h i l e  liar; 619701 r e c e n t l y  d e f i n e d  and s t u d i e d  a c l a s s  
of a - d i a g o n a l l y  dominant f u n c t i o n s  on xn trhich c o n t a i n s  a l l  m a t r i c e s  
under ( b ) ,  A t  t h e  same t ime  :lor; and Rhe inbo ld t  were l e d  t o  c l a s s e s  of 
mappings F:D c xn + R* which r e p r e s e n t  n o n l i n e a r  e x t e n s i o n s  of t h e  m a t r i c e s  
i n  t h e  l a s t  of t h e  f o u r  c a t e g o r i e s  and which were cor responding ly  named 
P- and S- func t ions ,  Some r e l e v a n t  r e s u l t s  about  t h e s e  l a t t e r  mappings have 
a l r e a d y  been r e p o r t e d  i n  t h e  c i t e d  d i s s e r t a t i o n  of ? tor&,  and a  su rvey  
--without proofs--was a l s o  inc luded  i n  R h e i n b o l d t  [1970] .  I n  t h i s  a r t i c l e  
we p r e s e n t  now a d e t a i l e d  account of t h e s e  new c l a s s e s  of P- and S- func t ions ,  
t h e i r  p r o p e r t i e s ,  and t h e i r  r e l a t i o n s h i p s  w i t h  t h e  o t h e r  t y p e s  of n o n l i n e a r  
mappings mentioned above,  
I m p l i c i t l y ,  P- and S-funct ions  have a l r e a d y  been used i n  v a r i o u s  
a p p l i c a t i o n s .  I n  p a r t i c u l a r ,  i n  connec t ion  w i t h  problems i n  m a t h e n a t i c a l  
economics , Gale and Nikaido [I9651 and Nikaido [ 19681 proved v a r i o u s  
,n r e s u l t s  about d i f l e a e n k i d b l e  l u n c t i o r ~ s  ori r. wil icEi  i r i  our sert  irig i u r l r  
otst to be resill ts about P - f u n r t i o n s  and their re1 a t S o n  to :l-frr;ricrioni;- 
S i m i  i a r l y  Karamardi  an 11 968 j obi-a iried ;i t h e o r  em aborlr r h e  .;o lvah  I 1 i ty o f  
c e r t a i n  n o n l i n e a r  i n e q u a l i t i e s  which i n  our  terminology shows t h a t  a l l  
con t inuous  P- func t ions  a r e  S- func t ions .  I n  connec t ion  w i t h  n o n l i n e a r  
e l e c t r i c a l  networks ,  Sandberg and Wi l l son  [I9691 were l e d  t o  s p e c i a l '  
examples of P- func t ions ,  and t h e r e  a r e  probably  o t h e r  r e l a t e d  r e s u l t s  
of t h i s  t y p e  i n  t h e  l i t e r a t u r e .  
I n  S e c t i o n  2 we i n t r o d u c e  t h e  n o n l i n e a r  P- and S-funct ions  and r e c a l l  
a t  t h e  same t i n e  t h e  d e f i n i t i o n s  of t h e  o t h e r  c i t e d  mappings, Then i n  
S e c t i o n  3 we e s t a b l i s h  a number of t h e  b a s i c  p r o p e r t i e s  of t h e  P-funct ions  
and u s e  them t o  prove s e v e r a l  r e l a t e d  r e s u l t s .  T h i s  i s  followed i n  
S e c t i o n  4 by a  d i s c u s s i o n  of t h e  i n t e r r e l a t i o n s h i p s  between t h e  v a r i o u s  
mappings,  and f i n a l l y  S e c t i o n  5 p r e s e n t s  a s e r i e s  of c h a r a c t e r i z a t i o n  
theorems i n  terms of d i f f e r e n t i a b i l i t y  c o n d i t i o n s .  
2 .  Background t f a t e r i a l  
I n  t h i s  s e c t i o n  we c o l l e c t  t h e  b a s i c  d e f i n i t i o n s  of t h e  P- and S- 
f u n c t i o n s  a s  w e l l  as of v a r i o u s  o t h e r  r e l a t e d  c l a s s e s  of mappings on Rn. 
Throughout t h e  e n t i r e  a r t i c l e  x G y deno tes  t h e  component-wise p a r t i a l  
n  
o r d e r i n g  on t h e  n-dimensional r e a l  l i n e a r  s p a c e  R of column v e c t o r s ,  
and x < y i s  t h e  a s s o c i a t e d  s t r o n g  r e l a t i o n  x < Y i ,  i = 1 ,  The i 
n 
corresponding n o t a t i o n  i s  used on t h e  space  L ( R  ) of r e a l  n  x n m a t r i c e s .  
A r e c t a n g l e  Q i n  Itn i s  t h e  C a r t e s i a n  product of n i n t e r v a l s  on t h e  
real l i n e ,  each of which may b e  e i t h e r  open, closed, or semi-open; in 
particular, any of t h e s e  intervals may b e  unbounded, and thus a rectangle 
may be  a l l  of  kn. The index s e t  {I,,, , ,nj w r l I  always be  denoted by 
j n N, and e r R ~ ,  j r N, is the j t k  u n i t  b a s i s  vector, ~ i h k l e  e r K i s  
d e f i n e d  by e = 1 f o r  each i E N, i 
The fo l lowing  terminology a p p e a r s  t o  have become r a t h e r  s t a n d a r d ;  
i n v e r s e  i s o t o n i c i t y  was i n t r o d u c e d  by C o l l a t z  El9521 under t h e  name 
I 1  o p e r a t o r  of monotone kind'!. 
D e f i n i t i o n  2 .1 .  (a) A mapping F:D c Itn +- R~ is  i s o t o n e  (or a n t i t o n e )  on 
D i f  x  6 y ,  x , y  E D, i m p l i e s  t h a t  Fx L Fy ( o r  Fx 2 F y ) ,  and s t r i c t l y  
i s o t o n e  (o r  s t r i c t l y  a n t i t o n e )  i f ,  i n  a d d i t i o n ,  it f o l l o w s  from x < y ,  
x , y  E D ,  that a l s o  Fx < Fy ( o r  Fx > Fy) .  
(b)  The f u n c t i o n  F:D c R~ -+ IXn i s  i n v e r s e  i s o t o n e  on D i f  Fx 6 Fy, 
x , y  r D, i m p l i e s  t h a t  x & y e  
C l e a r l y  t h e n ,  a n  a f f i n e  mapping Fx = Ax C b i s  i s o t o n e  e x a c t l y  i f  
A 2 0 and i n v e r s e  i s o t o n e  i f  and o n l y  i f  A i s  nons ingu la r  and A-l > 0.  
Most of t h e  s t a n d a r d  d i s c r e t i z a t i o n s  of L a p l a c e ' s  e q u a t i o n  g i v e  
r i s e  t o  a f f i n e  mappings Fx = Ax + b  which a r e  i n v e r s e  i s o t o n e .  I n  t h i s  
c a s e ,  A o f t e n  has  non-pos i t ive  o f f - d i a g o n a l  e lements  as w e l l ,  which 
means t h a t  A i s  a n  If-matrix. For t h e  g e n e r a l i z a t i o n  of t h e  n o t i o n  of 
a n  M-matrix t o  n o n l i n e a r  mappings, c o n d i t i o n s  about t h e  dependence of t h e  
component f u n c t i o n s  upon the i n d i v i d u a l  va r i ab les  a r e  needed, Such condi-  
t i o n s  are used i n  t h e  d e f i n i t i o n  of the fo l lowing  c l a s s e s  of mappings, 
n  n  D e f i n i t i o n  2 . 2 ,  Consider  a mapping F:D c R +- R with t h e  components f i & N, 
- - i ' 
(a) F t s  onal -- if f o r  each i r a",, f depends only on the 5th var iab le  i. 
X; 
n ( b )  ii' 1s okt.-deagrralL~ -- - a n t ~ t o n ~  ~r lor drly x L I{ dird any ; jJ  L , J  t L ~ ,  
the f u n c t i o n s  
a r e  a n t i t o n e ,  
( c )  F i s  ( n  i s o t o n e  i f  f o r  any x E R t h e  f u n c t i o n s  
$ l l , a  - s$ d e f i n e d  by (2.1) a r e  ( s t r i c t l y )  i s o t o n e .  nn 
For  a n  a f f i n e  mapping Fx = Ax + b ,  o f f -d iagona l  a n t i t o n i c i t y  i s  
e q u i v a l e n t  w i t h  t h e  c o n d i t i o n  a  G 0, i + j, i , j  E N ,  w h i l e  F i s  i j 
d i a g o n a l l y  ( s t r i c t l y )  i s o t o n e  i f  and o n l y  i f  a 2 0 (aii > 0) f o r  each ii 
i E N. The d i a g o n a l  mappings e v i d e n t l y  r e p r e s e n t  a n o n l i n e a r  v e r s i o n  of 
t h e  d i a g o n a l  m a t r i c e s ,  
I n  l i n e  w i t h  t h i s ,  t h e  n o n l i n e a r  g e n e r a l i z a t i o n  of t h e  M-matrices 
can now be  fo rmula ted  a s  f o l l o w s :  
n  D e f i n i t i o n  2.3. A mapping P:D 4 R -+ Rn i s  a n  M-function on D i f  i t  
i s  o f f - d i a g o n a l l y  a n t i t o n e  and i n v e r s e  i s o t o n e .  
C l e a r l y  t h e n ,  an  a f f i w e  mapping Fx = A s  -+ b  i s  an  M-function i f  and 
o n l y  i f  A. i s  an M-matrix, S e v e r a l  n o n l i n e a r  examples of M-functions 
a r e  g i v e n  by % e i n b o l d t  [L969]; t h e y  r e l a t e d  t o  d i s c r e t e  ana logs  of 
boundary v a l u e  problems of t h e  t y p e  cons idered ,  f o r  insta.nce,  by Bers 
[1953J, and t o  equ i l i b r i um f lows on networks as studied by Birkkoff  and 
Kellogg [196Q],  
As mentioned i n  the  in t roduc t ion ,  a na tu ra l  n o n l i n e a r  g e n e r a l i z a t i o n  
of p o s i t i v e  definiteness i s  the concept o f  a monotone mapping in t roduced  
by Kacursvskii [L960J,  ? l i n t 7  61962], and Bro1:der [1963]: 
n  D e f i n i t i o n  2 . 4 .  A f u n c t i o n  F:D C Itn + R i s  monotone on D i f  
s t r i c t l y  monotone i f ,  i n  a d d i t i o n ,  t h e  s t r i c t  i n e q u a l i t y  h o l d s  i n  ( 2 . 2 )  
whenever x # y ,  and un i fo rmly  monotone i f  t h e r e  i s  a  c > 0 such t h a t  
I n  t h e  a f f i n e  c a s e  Fx = Ax + b ,  ( 2 . 2 )  i s  e q u i v a l e n t  w i t h  t h e  condi-  
T n  
t i o n  x Ax 2 0 , x  E R , f o r  t h e  q a a d r a t i c  fsrnl of A. T h i s  c o n d i t i o n  
e v i d e n t l y  i m p l i e s  t h a t  f o r  any x f 0 ,  and y  = Ax, t h e r e  is  a t  l e a s t  one 
index  k  E N such  t h a t  x $ 0 and x  y  > 0, o r ,  i n  t h e  c a s e  of s t r i c t  k  k k  
monoton ic i ty ,  t h a t  x- yk > 0. 
Y 
F i e d l e r  and P t s k  [ l 9 6 2 ] ,  [I9661 c a l l e d  a m a t r i x  A E L ( R ~ )  a  Po- 
m a t r i x  o r  P-matrix i f  i t  s a t i s f i e s  t h e  f i r s t  o r  second of t h e  l a t t e r  two 
p r o p e r t i e s ,  r e s p e c t i v e l y .  The f o l l o w i n g  g e n e r a l i z a t i o n  of t h e s e  concep t s  
t o  n o n l i n e a r  mappings i s  then  immediate: 
D e f h i t i o n  2 . 5 .  A mapping F:D C R" + R" is  a - P-func t ion  (o r  Po--function) 
i f  f o r  any x , y  E D, x f y ,  t h e r e  i s  an index k = k ( x ,  y)  E N such t h a t  
The c l a s s  of P-matr ices  c o n t a i n s  n o t  only t h e  p o s i t i v e - d e f i n i t e - ,  bu t  
also t h e  11-matrices; moreover, any s t r r c t l y  ar irreducibly diagonaLLy 
Aorn-inaixr matrix wri kP nnn-nqai-rl-r~ee c.7 cirneai-s - ; Y i 7  1 f Ecceii sc. a P - m a $ - s b r ,  
These f a c t s  are efther expl_ici"tr$y o r  -?larrplicitZy contained i n  t he  c i t e d  
a r t i c l e s  of F i e d l e r  and £)t&, Fiow~ver ,  s i r r ~ p b e  examples sliow that n e i t h e r  
n  t h e  P- nor  t h e  P -mat r i ces  cover t h e  m a t r i c e s  A E L(R ) w i t h  nonnega t ive  0 
i n v e r s e s  A-I 3 0.  On t h e  o t h e r  hand, t h e s e  m a t r i c e s  e v i d e n t l y  s a t i s f y  
t h e  c o n d i t i o n  
( 2  3 )  Au > 0 f o r  some u  3 0, u  sC 0, 
and Ky Fan [I9581 proved t h a t  any A E L(R") w i t h  aij 6 0,  i # j , i, j E N ,  
i s  a n  M-matrix i f  and o n l y  i f  (2.3) is  s a t i s f i e d ,  w h i l e  Gale and b?ikaido 
[I9651 showed t h a t  (2 .3)  a l s o  h o l d s  f o r  every  P-matrix. I n  l i n e  w i t h  t h i s ,  
and f o l l o w i n g  e a r l i e r  work by Stiemke [1915J ,  F i e d l e r  and ~ t 6 k  [1966] 
c a l l e d  any A r L(Rn) a n  S-matrix i f  i t  h a s  t h e  p r o p e r t y  (2.3) and an  S 0 - 
m a t r i x  i f  Au 3 0 f o r  some u  > 0, u  # 0. These concep t s  l e n d  themselves  
r e a d i l y  t o  t h e  follovring n o n l i n e a r  g e n e r a l i z a t i o n :  
D e f i n i t i o n  2.6. A mapping F:D c Rn + F.n is  an S-f u n c t i o n  (o r  S  --function) 0 
on D i f  f o r  any x E D t h e r e  is  a y E D such  t h a t  y  2 x, y  # x ,  and 
Py > Fx ( o r  Fy h Fx) . 
I n  t h e  subsequen t  s e c t i ~ n s  we s h a l l  i n v e s t i g a t e  t h e  r e l a t i o n s h i p  
between t h e  v a r i o u s  c l a s s e s  of f u n c t i o n s  i n t r o d u c e d  h e r e ,  and we w i l l  a l s o  
show how most of t h e  p r o p e r t i e s  of t h e  P- and S-matrices g e n e r a l i z e  t o  
t h e  cor responding  n o n l i n e a r  mappings. For d e t a i l s  about  t h e s e  m a t r i c e s  
themselves  s e e  i n  a l l  c a s e s  F i e d l e r  and ~tik 119621, 119661, 
We conclude t h i s  s e c t i o n  w i t h  t h e  n o n l i n e a r  g e n e r a l i z a t i o n  of s t r i c t l y  
d i a g o n a l l y  dominant matrices dur;. t c  ?lor; [1970], ant1 we refer ?-o t h i s  
d i s s e r t a t i o n  f o r  t h e  more genera l  concept o t  fd-diagonal dominance. 
D e f i n i t i o n  2 . 7 .  A mapping F :D 6: R~ -F R~ i s  
i f  f o r  any x , y  E D ,  x f y ,  i t  f o l l o w s  f r o m f k ( x )  = f k ( ~ )  t h a t  
Ixk-yII I < IIx-Y li,. 
~ o r 6  [I9701 shows that - -as  i n  a l l  p r e v i o u s  cases - - th i s  n o n l i n e a r  
d e f i n i t i o n  c o v e r s  t h e  cor responding  l i n e a r  concep t ;  i n  o t h e r  words, t h a t  
Fx = Ax + b i s  s t r i c t l y  d i a g o n a l l y  dominant i f  and o n l y  i f  A i s  a s t r i c t l y  
d i a g o n a l l y  dominant m a t r i x .  The mentioned c l a s s  of R-diagonally dominant 
f u n c t i o n s  i n c l u d e s  i n  t h e  l i n e a r  c a s e  t h e  i r r e d u c i b l y  d i a g o n a l  dominant 
a s  w e l l  as a somewhat more g e n e r a l  r e l a t e d  f a m i l y  of m a t r i c e s ,  
3 ,  B a s i c  P r o p e r t i e s  of P  - and P- func t ions  and Re la ted  R e s u l t s  0 
I n  t h i s  s e c t i o n  w e  e s t a b l i s h  a  number of t h e  b a s i c  p r o p e r t i e s  of t h e  
Po- and P- func t ions  and u s e  them t o  prove s e v e r a l  r e l a t e d  r e s u l t s .  The 
m a t e r i a l  inc luded  h e r e  a l r e a d y  shows t h a t ,  i n  some form,  many of t h e  
c h a r a c t e r i s t i c s  of P-matr ices  are indeed i n h e r i t e d  by t h e  P-funct ions .  
We beg in  w i t h  two o b s e r v a t i o n s  about  i n v e r s e  mappings which f o l l o t ~  
a lmost  d i r e c t l y  from t h e  d e f i n i t i o n s ;  t h e  p r o o f s  a r e  t h e r e f o r e  omi t t ed ,  
Theorem 3.1. (a)  The mapping F:B C R* + R~ is i n v e r s e  i s o t o n e  i f  and on ly  
-1 n i f  i t  i s  i n j e c t i v e  and F :FD Itn -+ R is isotone, 
(b )  I f  F:B C Rn -+ R~ i s  either s t r i c t l y  monotone or a b - f u n c t i o n ,  then 
- 1 n i t i s  i n j ec t i ve  and F :FD C R~ -+ R i s  again s t r i c t1  y monotone or a P- 
funrt i o n ,  respect ive1 y a 
Note t h a t  p a r t  Cb) e n s u r e s  every M-runckion 90 be  i n j e c t i x e .  Gbses-ve 
a l s o  t h a t  S-funct ions  d o  n o t  n e c e s s a r i l y  have t h i s  p r o p e r t y .  En f a c t ,  t h e  
c l a s s  of S-funct ions  i s  r a t h e r  l a r g e ;  f o r  example, any f :  (a,b) c .R1 -t R I 
w i t h  f ( x )  < l i m  sup f  (2) f o r  a l l  x E (a ,b)  i s  a l r e a d y  an  S-funct ion on ( a , b ) .  
z+B- 
A s imple  m o d i f i c a t i o n  of Theorem 3.1(b) s t a t e s  t h a t  f o r  any i n j e c t i v e ,  
monotone mapping F:D R" + R" a l s o  F-I is  a monotone f u n c t i o n  on FD. 
The cor responding  r e s u l t  f o r  P - f u n c t i o n s  i s  undecided.  We c o n j e c t u r e  t h a t  0 
n  f o r  any con t inuous ,  i n j e c t i v e  P -£unc t ion  F:Q C Rn + R on a n  open r e c t a n g l e  0 
- 1 Q a l s o  F  is a  P  - f u n c t i o n  on  FQ. T h i s  r e s u l t  c e r t a i n l y  h o l d s  f o r  t h e  0 
l i n e a r  c a s e  and i n  Theorem 5.12 below w e  w i l l  prove t h a t  i t  i s  a l s o  c o r r e c t  
f o r  F - d i f f e r e n t i a b l e  P - f u n c t i o n s ,  The fo l lowing  two theorems a r e  c l o s e l y  0 
r e l a t e d  t o  t h i s  c o n j e c t u r e .  
Theorem 3.2.  The mapping F:D C Rn -t F . ~  i s  i n j e c t i v e  and F - ~ : F D  c R~ -t R~ 
i s  a P - f u n c t i o n  i f  and o n l y  i f  F  -4- A is  i n j e c t i v e  f o r  any d i a g o n a l  m a t r i x  0 
A = d i a g ( d  ..., d  ), d .  2 0 ,  i~ N. 1) n 1 
Proof .  C l e a r l y ,  F  i s  i n j e c t i v e  and F-I i s  a P - f u n c t i o n  i f  and o n l y  i f  0 
f o r  e a c h  x $ y i n  D t h e r e  i s  an  index  k c N such t h a t  f k ( x )  ik f k ( y )  and 
Cxk-yk) [ f k ( x ) - f k ( ~ ) I  
-1 Suppose now t h a t  F i s  a P - f u n c t i o n  b u t  t h a t  Fx d- Ax - Fy + Ay 0 
f o r  some x + y i n  B and some d iagona l  matrix A = d iag (d  l 3  - drLl  3 
d .  2 0 ,  i = L ,  ..., n ,  ?Illen fi(x)-f.Cy) - d.(y.-x.j for each i & B and 
L 1 1 1 2  
2 h e  x - -  = x i  < v f x f 'vh;~ i A. i 
- 
c u n l r a d l c ~ s  the fact  that F ' is a P -function, 0 
C ~ n v e r s e l y  , i f  f o r  some x. $ y ir, D v e  have (x -yi) i f .  ' " \ - f i ( ~ )  ] < 0 i 1 '*' 
whenever f i ( x )  # f i ( y ) ,  i E N ,  t h e n  Fx + h = Fx + Ay f o r  A = d i a g ( d  l ~ s  ? an)  
w i t h  
0 , o t h e r w i s e .  
Th is  completes  t h e  p r o o f .  
Theorem 3 . 2  r a i s e s  t h e  q u e s t i o n  whether  F i t s e l f  i s  a Po-funct ion 
i f  F + A i s  i n j e c t i v e  f o r  any d i a g o n a l  m a t r i x  A w i t h  p o s i t i v e  d i a g o n a l  
e lements .  I n  t h e  l i n e a r  c a s e  t h i s  i s  c o r r e c t ,  b u t  f o r  t h e  n o n l i n e a r  c a s e  
a g a i n  on ly  some p a r t i a l  answers a r e  k n o m .  W e  r e t u r n  t o  tkis in Theorem 3 . 7 .  
Theorem 3 . 3 .  I f  F:D C Rn -+ Rn i s  a P - f u n c t i o n  (or P-funct ion)  , t h e n  0 
F + @ i s  a P-funct ion f o r  any s t r i c t l y  i s o t o n e  (o r  i s o t o n e ) ,  d i a g o n a l  
n 
mapping @:D C R -+ R ~ .  Conversely ,  i f  f o r  any  E > 0 ,  F + EI is  a P-funct ion,  
n 
where I E L ( R  ) i s  t h e  i d e n t i t y ,  t h e n  F is  a P - func t ion .  0 
Proof .  The f i r s t  p a r t  i s  a d i r e c t  consequence of t h e  d e f i n i t i o n s .  For t h e  
proof of t h e  second p a r t ,  suppose t h a t  F i s  n o t  a P - f u n c t i o n .  Then 0 
t h e r e  are x # y i n  D such t h a t  ( x . - y . ) [ f . ( x ) - f . ( y ) l  < 0 whenever xi $ Y i ,  
1 1  1 1 
i E N .  T h e r e f o r e ,  


























